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Let X5 = {0,...,9 — 1}. A binary quasigroup of order q is a binary
operation f : Zf, — X4 such that for all a, b € ¥4 the equalities

f(x,a)=b, f(a,y)=0>b

have unique solutions.
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Let ¥, ={0,...,9 — 1}. A binary quasigroup of order q is a binary
operation f : Zf, — X4 such that for all a, b € ¥4 the equalities

f(x,a)=b, f(a,y)=0>b

have unique solutions.
The Cayley table of a binary quasigroup of order g is a latin square of
order q.
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A transversal in a latin square of order g is a set of g entries, one selected
from each row and each column such that no two entries contain the same
symbol.
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An n-ary quasigroup of order g is an n-ary operation f : X7 — ¥4 such
that the equation xp = f(x, ..., x,) has a unique solution for any one
variable if all the other n variables are specified arbitrarily.
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An n-ary quasigroup of order g is an n-ary operation f : X7 — ¥4 such
that the equation xp = f(x, ..., x,) has a unique solution for any one
variable if all the other n variables are specified arbitrarily.

The Cayley table of an n-ary quasigroup of order g is an n-dimensional
latin hypercube of order q.

0123 1032 2301 3210
1032 0123 3210 2301
2301 °°3210°0123%10232
3210 2301 1032 0123

Anna Taranenko On transversals in quasigroups

3/1



An n-ary quasigroup of order g is an n-ary operation f : X7 — ¥4 such
that the equation xp = f(x, ..., x,) has a unique solution for any one
variable if all the other n variables are specified arbitrarily.

The Cayley table of an n-ary quasigroup of order g is an n-dimensional

latin hypercube of order q.
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n-Ary quasigroups f and g are called isotopic, if there exists a collection of

permutations (o9, 01, ..

f(x,...

.,0n), 0; € Sq, such that
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A transversal in an n-ary quasigroup f of order g (or in an n-dimensional
latin hypercube of order q) is a set of (n+ 1)-tuples

{ai = (36735_7' : '732)}7:1? 35( € zq
such that
ah =f(a},...,a"), and p(a’,a) = n+1 for all i # j,

where p is the Hamming distance.
Let T(f) denote the number of transversals in a quasigroup f.
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A transversal in an n-ary quasigroup f of order g (or in an n-dimensional
latin hypercube of order q) is a set of (n+ 1)-tuples

{ai = (36,3{,. . '7351)}7:1’ a;( € zq
such that
ah =f(a},...,a"), and p(a’,a) = n+1 for all i # j,

where p is the Hamming distance.
Let T(f) denote the number of transversals in a quasigroup f.

0123 1 0 3 2 2 3 01 3210
1 0 3 2 » 0123 o 3210 « 2 3 01
2 3 01 3210 0123 1 0 3 2
3210 2 3 01 1 0 3 2 0123
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An n-ary quasigroup f of order q is called Zg-linear if it is isotopic to
g(x,

S Xn) =X1+ ...+ Xn, Xi € Lg.

o = = E A
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An n-ary quasigroup f of order q is called Zg-linear if it is isotopic to

g(x1,...,xn) =x1+ ...+ Xn, X € Lg.

Statement
If n and q are even, then an n-ary Zg-linear quasigroup has no transversals.J
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An n-ary quasigroup f of order q is called Zg-linear if it is isotopic to
g(x1,...,xn) =x1+ ...+ Xn, X € Lg.

Statement

If n and q are even, then an n-ary Zg-linear quasigroup has no transversals.

v

Conjecture (Wanless, 2011)

Every latin hypercube of odd dimension or odd order has a transversal.
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Transversals in completely reducible quasigroups

An n-ary quasigroup f of order g is a composition of an (n — m + 1)-ary
quasigroup h and an m-ary quasigroup g if there exists a permutation
o € 5, such that for all xq,...,x, € ¥4

f(x1,- -, Xn) = h(&(Xo(1)s - - s Xo(m))s Xo(m+1)s - - - s Xor(m))-
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Transversals in completely reducible quasigroups
An n-ary quasigroup f of order g is a composition of an (n — m + 1)-ary
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A quasigroup f is (permutably) reducible if it is a composition of two
quasigroups, each of them having arity at least 2.
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Transversals in completely reducible quasigroups

An n-ary quasigroup f of order g is a composition of an (n — m + 1)-ary
quasigroup h and an m-ary quasigroup g if there exists a permutation
o € 5, such that for all xq,...,x, € ¥4

f(Xl, oo ,Xn) = h(g(xo(l), N ,Xg(m)),Xg(erl), ‘o ,Xg(n)).
A quasigroup f is (permutably) reducible if it is a composition of two
quasigroups, each of them having arity at least 2.
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An n-ary quasigroup f is called completely reducible if n < 2 or if for some
1 < m < n—1 and for some permutation o € S, there exist a binary
quasigroup h, a completely reducible m-ary quasigroup g, and a
completely reducible (n — m)-ary quasigroup t such that

f(Xl, R ,X,,) = h(g(xa(l), R ,Xa(m)), t(Xg(m_H), R ,Xa(n))).

The quasigroup h in these decomposition is called external.
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An n-ary quasigroup f is called completely reducible if n < 2 or if for some
1 < m < n—1 and for some permutation o € S, there exist a binary
quasigroup h, a completely reducible m-ary quasigroup g, and a
completely reducible (n — m)-ary quasigroup t such that

f(Xl, R ,X,,) = h(g(xa(l), R ,Xa(m)), t(Xa(m—i-l)a R ,Xa(n))).
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Theorem 1
Let f be an n-ary completely reducible quasigroup of order gq.

n—

: n—1
© If nis odd then f has at least (¢ - q!) 2z transversals.
@ If nis even and one of external quasigroups in a decomposition of f
n—1
has a transversal, then f has at least (g - q!)LTJ transversals.
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Let an n-ary quasigroup f of order g be a composition of an
(n — m+ 1)-ary quasigroup h and an m-ary quasigroup g:

f(x1,...yxn) = h(g(x1, .-y Xm), Xm+1, - - -, Xn)-

Lemma 1

If the quasigroups g and h have T(g) and T (h) transversals respectively,
then f has at least T(g) T (h) transversals:

T(f) = T(g)T(h).
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Lemma 1

T(f) > T(g)T(h).
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Lemma 1

T(f) > T(g)T(h).

1 0 3 2 2 3 01 3210

0123

—

o ™M

oM O

AN v

[S=Nep)

- N

o o

[sp )

o O

AN

— N

o ™M

AN

o O

o ™M

— N

0123

1 0 3 2

3210

0123

0123

3210

3210

On transversals in quasigroups

Anna Taranenko



Lemma 1

T(f) > T(g)T(h).

1 0 3 2 2 3 01 3210

0123

—

o ™M

oM O

AN v

[S=Nep)

- N

o o

[sp )

o O

AN

— N

o ™M

AN

o O

o ™M

— N

0123

1 0 3 2

3210

0123

0123

3210

o

On transversals in quasigroups

Anna Taranenko



Lemma 1

T(f) > T(g)T(h).

1 0 3 2 2 3 01 3210

0123

—

o ™M

oM O

AN v

[=2ep)

- N

o o

[sp )

o O

AN

— N

o ™M

AN

o O

o ™M

— N

0123

1 0 3 2

3210

0123

0123

3210

o

On transversals in quasigroups

Anna Taranenko



Let an n-ary quasigroup f of order g be a composition of an
(n— m+ 1)-ary quasigroup h and an m-ary quasigroup g:

f(x1, .-y xn) = h(g(X1, -y Xm)s Xmt1y- -+ Xn)-

Lemma 2
Assume that for some a € X,
e the (n — m)-ary quasigroup h’ defined by the equation
h(a, Xm+1, - -+, Xn) = X0 has T(h') transversals,
@ the (m — 1)-ary quasigroup g’ defined by the equation
g(x1,...,xm) = a has T(g’) transversals.

Then the quasigroup f has at least g! - T(h')T(g’) transversals:

T(f) > q'- T(K)T(g).
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Lemma 2

T(f) = q'T(h)T(g").
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Lemma 2
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Lemma 2

T(f) = q'T(h)T(g").

1 0 3 2 2 3 01 3210

0123

1 0 3 2
0123

2 3 01

o0 O

™M O

[V o

- N

[=2ep)

AN

o O

o ™M

—

2 3 01 1 0 3 2

3210

01 23

0123

AN

[Sp i =]

o m

— N

AN

™M O

o M

— N

3210

18 /1

On transversals in quasigroups

Anna Taranenko



Transversals in quasigroups of small order

n-Ary quasigroups of orders 2 and 3 are unique up to isotopism.

o = E A
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Transversals in quasigroups of small order

n-Ary quasigroups of orders 2 and 3 are unique up to isotopism.

Statement

@ If nis even then an n-ary quasigroup of order 2 has no transversals.
If nis odd then an n-ary quasigroup of order 2 has 27! transversals.

@ An n-ary quasigroup of order 3 has 3"=2(2" — (—1)") transversals.
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Let / be a function such that /(0) = /(1) =0, /(2) = /(3) = 1.
An n-ary quasigroup f of order 4 is standardly semilinear if there exists a
Boolean function A such that xp = f(x1, ..., x,) iff

o I(x0)®...®I(xn) =0;
@ XgD ... 5 x, DA(x1),...,1(xn)) =0.
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Let / be a function such that /(0) = /(1) =0, /(2) = /(3) = 1.
An n-ary quasigroup f of order 4 is standardly semilinear if there exists a
Boolean function A such that xp = f(x1, ..., x,) iff

° I(x0)®...®I(xy) =0;
@ XgD ... 5 x, DA(x1),...,1(xn)) =0.

A quasigroup f is called semilinear if it is isotopic to some standardly
semilinear quasigroup.
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Theorem (Krotov, Potapov, 2009)

Every n-ary quasigroup of order 4 is reducible or semilinear.

o = = E A
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Theorem (Krotov, Potapov, 2009)

Every n-ary quasigroup of order 4 is reducible or semilinear.

Theorem 2

If nis odd then every n-ary quasigroup of order 4 has at least 871
transversals.
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Theorem (Krotov, Potapov, 2009)

Every n-ary quasigroup of order 4 is reducible or semilinear.

Theorem 2

If nis odd then every n-ary quasigroup of order 4 has at least 871
transversals.

012 3 1 0 3 2 2 3 01 3210

1 0 3 2 » 01 2 3 y 3210 « 2 3 01

2 3 01 3210 012 3 1 0 3 2

3210 2 3 01 1 0 3 2 01 2 3
Conjecture

If an n-ary quasigroup f of order 4 has no transversals then n is even and
f is a Zg4-linear quasigroup.
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Thank you for your attention!




